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Pattern formation by electro-osmotic self-organization in flat biomembranes
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Pattern formation associated with ionic currents often occurs in biomembranes. The symmetry breaking is
interpreted as resulting from an instability driven by the membrane protein segregation. The velocity of a
membrane protein under electric field is determined. Two instability mechanisms are sketched in a flat geom-
etry. Critical parameters are determined and compared with experimental $063-651X97)13309-4

PACS numbdps): 87.10+e€, 47.20-k, 66.10—x

I. INTRODUCTION of ions. lonic exchange between intracellular and extracellu-
lar media are performed by specific proteins as pumps and
A fundamental aspect of the growth physiology lies in thechannels. Chemical activity of these proteins generates mem-
ability of a cell or a group of cells to undergo spatial differ- brane potential by a net transfer of charges across the mem-
entiation. Membrane proteins, as channels and pumps, cobrane. In the stationary state and for smapotential, elec-
trol the exchanges of molecules between external and intefric potential and ionic concentrations are constant outside
nal media. Their densities can be periodically moduldfdd the Debye layers and proteins in the membrane are at rest
as, for example, in the acetylcholine receptofChR) in -~  yith a constant concentratioB,,. As the membrane bears

muscle cells where the charac_teristic wavelength i_s of th%‘harges, ions with opposite charge accumulate close to it in
order of 10um. Thermodynamic models can explain suchneq Debye layer with a characteristic length

aggregation$2]. But spontaneous pattern formation is oftenX_lz(sk T/e2Nas. 22C. )2 depending on the ionic con-
linked to transcellular currents with typical wavelengths in o8 o1 2100
centrations of different specie3;, far from the membrane.

the range 1Qum to 1 cm(see[3] for reviews. : -
The symmetry breaking may be interpreted as resultin f we assume some quctuatlo_n of ionic ch_arg_e densiy
lectric potentiald¢, and protein concentration in the mem-

from a dynamical instabilitypositive feedback effektinked . . .
to membrane protein segregation. The central process, at théane éCp, they must satisfy general linearized electrohy-

origin of the instability mechanism, pointed out by JaHe drodynamical equations we now brl_efly reca_ll. Fluctgatlons

is that an electric field induces electromigration of proteinsof chargesp=2=;N,z;€6C; and electric potentiab¢ satisfy

along the membrane, as observed experimenfta]lySeveral the Poisson equation

authors suggested a mechanism where protein motion is in-

duced by electric forces on the protein char§ég]. The ASpi ¢=—Opiele QD

very nature of the feedback depends on the intrinsic protein

charges and various properties such as the transmembraggd electrodiffusive equation in interna)) (and external €)

flux produced by channels and pumps. Another mechanistedia

has been recently proposg®] where the membrane proteins

are dragged along the electro-osmotic flow induced by the _ 2

motion ?r?the Det?ye layer close to the membrane. Usﬁally 99pi e/ t=DASpi e~ DX"0pie, @

membrane bears negative charges and as a result proteinﬁﬁ . e . .

even negatively charged, move in the direction of the electricV ereD is the dlffu5|o_n coefficient of lons we assume to be

field contrary to the above situation. the same for all species. Boundary C(_)ndltlons_ on the mem-
In this paper we study and compare, in the same frame_t_)rane are now to _be introduced. The first one is the continu-

work and for a flat biomembrane, two instability mecha-Ity of electrodiffusive flux across the membrane:

nisms. The protein aggregation is driven either by electric

force on its electric charge as in Ref§,7] or by electro- _D[(wpi,e) e 2(35¢i,e)

osmotic flow[8]. We first derive in Sec. Ill the general equa- 9z EY =al, )

tion for the protein motion. In Secs. IV and V we give the
velocity of the protein in the two limits of pure electric force \yhere ) is the fluctuation of the ionic flux density produced
or elegtro-osmotlc flow: In Sec._ VI we develop a Imear'by pumps and channels.is usually a complex nonlinear
analysis of electrodiffusive equations and determine the Criz;nction of the membrane potential, concentrations of differ-
teria and_ critical wave vectors. Comparison with experimenynt ion species, pumps and channels. For simplicity, we con-
tal data is performed in Sec. VII. sider only one type of mobile protein of concentraticy
Il. THE BASIC EQUATIONS (pump or channgland neglect the membrane potential de-

' pendence of. Then,| has the following expression:

The basic structure of a biological membrane is a lipid

bilayer that is mostly an impermeable barrier to the passage I =1o[(Cp=Cp0)/Cpo] andél=176C,/Cpp. 4
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where 7 is the bulk viscosity and, the zeta potential or
membrane surface electric potential. Hydrodynamic velocitigg, on
each side of the biomembrane are then coupled to electric
fields through the respective zeta potentiglg. These po-
tentials are characteristic of the active membrane potential
and surface charges due to lipids and other proteins. The
second action of an electric field on protein motion is due to
their intrinsic charges characterized by electrophoretic mo-
FIG. 1. Modelization of a membrane protein by three parts. Forilities u; , and frictions,Bf;. The determination of the pro-
xRie>1, an electric fielde generates two components of electric tein velocity U results from the balance between friction
force on protein. The first one is linked to electro-osmotic fléw forces—,Br;lU on the membrane portion with electric forces

induced by the Debye layer close to the membrane: it sweeps thg-1 E P -1
. . > U B o Mi eEie @nd friction forcesg; ;(U—V,.) on protuber-
protuberance along the field. The other one is due to negative "Erliggsl:e he Bie( ) P

trinsic charges of protuberance that induce a sphere mation in the

opposite direction. _ -
LB YWE+ Vi) + Be H(ueEet Vo) ©

The two last boundary conditions concern the electric poten- ﬁ,}l+ /3(1+,8g1
tial. As we shall see in the following, wave vectors of inter-
est will satisfykd<1 (whered~5 nm is the sample thick- WhereV; are the electro-osmotic flow acting on protein pro-
ness andk<10’ m~1). It implies that electric field is tuberances. Einstein relation has provided diffusion coeffi-
constant across the membrane. Then, it is straightforward teientD,/keT=1/(8; '+ Bz '+ BnY).
link internal and external electric fieldfor a detailed dis-
cussion, see Ref9]), IV. PROTEIN AGGREGATION DUE
TO ELECTRIC CHARGES

%: 90pbe (5) A first limiting case corresponds to a localized protein
Iz Iz chargeixR; «<1. Then, electro-osmosis does not act on pro-
tein. Its motion is only due to intrinsic charges,

ed (a&pi N 00¢e

Opi— 6pe=— ; (6)

LT 26y 0z a2 U= T (ZoiEit ZpeEe), (10
wheres, is the membrane permittivity angi . the potential  whereE; . are the electric fields at the membrane inside the
at the membrane surfaces. Debye layer. Equatiofi7) reads

The last equation is the conservation of membrane pro-
teins: d6C, eD,Cpo
- =DpAaC,+ KT (ZpiA si + Zpel s5ebe).
95C,, (11
+V-8J=0. (7)

A, is the surface Laplacian.
As protein bears usually a negative charge, its motion is
J is characterized by two terms. The first one is the difoSiOFbpposite to the electric field. However, some proteins like
term —D,VSC,. The second one is the effect of electric AChR move in the same sense as observed with use of fluo-
field on protein motion we shall now study. rescently labeled ligands. Poo was the first to suggest that
electro-osmosis could play a rdl&1].

I1l. PROTEIN MOTION
_ o _ V. THE ELECTRO-OSMOTIC LIMIT
Protein motion in the membrane results from two differ-

ent electric field effects: electric force on intrinsic protein ~ The second limiting case corresponds to big macromol-
charges and electro-osmotic flow due to the charges in thecules as AChR exploring the whole Debye laygR; > 1.
Debye layers. The configuration of the mobile protein mayConsider for simplicity, protuberancé® . as spheres uni-
be sketched as the followir(§ig. 1): one portion included in  formly charged. Then, electrophoretic mobilities . are
the membrane and two protuberances in internal and externaimply proportional to zeta potentials of proteify; ,e:
media of sizeR; o and with chargeg,,; p. Typical sizeR; ¢ Hi.e= &{pipe/ 7. On the other hand, hydrodynamic flows,

are in the range=0 for pump H" bacteriorhodopsine to 10 Seen by proteins are outside the Debye layer: it mgassl

nm for AChR or C&* ATPase pump in the sarcoplasmic in EQ. (8). Then, Eq.(9) reduces to

reticulum[10]. Let us first recall the electro-osmotic effect.
An electric fieldE, parallel to a charged surface, generates a

Dp 1 -1
fluid motion V known as electro-osmotic flow: U= kB_T[’Bi ({pi—= G)Eit+Be (Lpe—Le)Ee], (12
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which can be simplified. Indeed the potential of proteins

can be neglected compared to the membrane one, usually
bigger than 10 mV. Evaluation of the/ potential
§pe~ezpe/47-rR2Xs for acetylcholine receptors gives

{pe~—1.6 mV for a charge numbez,.~ — 16, a character- %
istic size R;~10 nm and typical value of Debye length &
x_1=1 nm. Friction coefficients,(%i"e1 are given by Stokes 3
formulas for a sphere: ,Bi‘]e1=67r7;Ri,e. Assuming
Ri~R.~R, Eq.(12) reduces to
U= GWSRDF’ 0 02 04 o6 08 1 12 14
__|(|3—T(§iEi+§eEe)' (13) ’ ’

K k!

whereE; and E, are electric fields outside the Debye layer
contrary to the previous case. FIG. 2. Dispersion relation)/Dka as a function of the reduced
External ¢ potential is usually negative. If we only con- wave vectork/|k| shows the system instability fd,>0 and sta-
sider external potential as in electrophoretic experimduts, Dbility for ky<<0. Conservation of the proteins number in the mem-
and E, are now in the same sense contrary to the electri®'ane explains the zero growth ratefor k=0. The most unstable
force of Eq.(10). By analogy with Eq(10), we can define an Wave number ik,/2 and the corresponding growth rateDgkg/4.
effective chargaﬁféz —6e 7R o/€~+ 10 of opposite sign
to z; .. These results are in agreement with experiments o
AChR[11]. Equation(7) now reads

ﬁmd for the electro-osmotic one,

- 67RIg
(LiAOPT + LAOPY). oz—w(§e— &). 17

14

d6C, 67eRD,Cpo

For ko<0, the system is stable and returns to the stationary

Let us emphasize that, contrary to H41), 5¢7, are the state without any osci_llatiOt(lFig. 2. The syste_m becomes
' unstable for B<k<kg, i.e., for a membrane with a charac-

potential outside the Debye layer satisfying the simple™ >~ X i
Laplace equation. teristic size bigger thak, ~. The growth rate of an homoge-

We are now able to explain the instability mechanismsN€0uUs perturbatiok=0 is equal to zero as expected from
coupling the protein motion to ionic transport through thethe conservation of proteins number in the membrane.
membrane. Two cases must be taken into account. First, the FOr the first case, the instability criterion reduces to
intrinsic charge of protein drives its motion for small protein
xR<1. In the other limityR>1, electro-osmotic case, pro-
teins move under electro-osmosis flow induced by the
biomembrane. These two movements are opposite but a
relevant in each case with biological results. Let us note th
electric potentials in Eqg14) and(11) are different.

lo(Zpi—2pe)>0. (18

Pwe only consider the external charge, the criterion reduces
alto an efflux of ionic current. However, in literatuf&] the
established criterion is only

VI. INSTABILITIES FOR A FLAT BIOMEMBRANE |Ozpi>0- (19

Linear stability of the system is studied for normal mode |, 5 fiat hiomembrane, internal and external electrical resis-
fluctuationsdu; e~ f; o(z)explwt+ikx), whereu; o stands for  yities are of the same importance contrary to the cable
P, Cp, and¢. w is the growth rate anél the wave number. qqel, as considered by Fromherz, where only the internal
Resolution of Eqs(1), (2), and(11) for pure charge effect or regisiivity plays a role. Another difference is the unusual
Eq. (14) for the electro-osmotic one provides functions presence of the term kiand notk? in the dispersion relation
fi,e(2). Dispersion relationw(k), derived with the use of [7] Thjs s an artifact due to the simplified geomeffiat
boundary condition$3)—(6), may be simplified in the limits  emprang Indeed a complete analysis in cylindrical geom-
edk/e <1 a_ndsd)(/sm>1 and fork/x<1. In thesg Ilm_'tS' etry [12] shows that one recovers the criterit®8) and ak
the two relations have the same general expression in terMpendence in the limit of small wavelengta>1 (wherea

of ko. is the radius of the cell The other limitka<1 leads to Eq.
q q (19) andak? dependence.
w2+ o| D K2+ 2 Dy +Dp8—DX2k2(k—ko)=0, For the electro-osmotic limit, the criterion of instability
2en 2em reads
(15
. i lo(£e—¢)>0. (20)

where for the pure electric force limit, Ohte o

For characteristic cellular parametefs<0 and{;>0, a
elo pattern occurs if the pumps or channels produce an influx of

koﬁw(zpi_zpe) (16) ionic current. This is the case of AChR. If we only consider
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external parameters. <0 andz,.<0 (neglecting the inter- from the value of the final pattern. Consider the extreme case
nal on@ the criteria(18) and (20) of instabilities are oppo- of a conductance of a voltage-gated charmdld* Sm™2.

site: an influx for electro-osmotic instability and an efflux for For a typical value of membrane potential 0.1 V and
the other case. The same remarks on geometrical effect a~10 ° cm?s™ %, ky,~10° m~1. These evaluations show
true for this last instability compared to results given in Ref.that the range of wavelengths by such a mechanism is large

[8]. and is consistent with cellular sizésom 10 cm inChara
In the following, we only consider the unstable case:corallinato 10 wm in animal cell$.
ko>0. The most unstable wave numberkis kqo/2 and the The growth rateT~ 1/Dpk(2) can be estimated with the

corresponding growth rate szpk§/4 (see Fig. 2 Con-  observed pattern wavelength. The growth rd@te10* s
trary to the cylindrical casén preparatiojy most unstablé (=10 h) for koy~10* m™*, D,=10"8 cm?s™*. It is in

is close to the marginal wave numbkg. For k>k,, the  agreement with the characteristic time of the dipolar ionic
system returns to equilibrium with the characteristic diffu- currents in Fucus. In confined geometry, growth rate can be
sion time of a proteinmm—Dka. For k<ky and x/k>1  different[12].

and for typical protein diffusion coefficier,~10 8 cm?

s™!, w varies linearly with the wave vecto~D jkok. VIIl. CONCLUSION

Contrary to the cylindrical case, electric characteristics of
internal and external bulks do not play a role in a flat
biomembrane.

Growth and development of biological systems seem to
be triggered by electric currents. In this paper, we have
shown that the transition from a homogeneous state to a
spatially ordered structure may be driven by an instability
linked to electro-osmosis. This work is supported by three
Let us now estimate the conditions for the appearance ofxperimental facts. Patterns of proteins are known in
self-focusing of ion pumps set forth above. First of all, it is Piomembraneg1], the electro-osmosis role in the protein
interesting to compare the respective critical wave vedtgrs transport has been provenl], and ionic currents are linked
for the two possible regimesy, for pure electric force case {© out of equilibrium structureg3]. A clear example is the
[Eq. (16)] and K, for the electro-osmotic onEg. (17)]. occurrence of pands |6h§ra qorall!nagreen algae or of a
Typical values of the zeta potentialand the charge number dipolar circulation of calcium ions iffucus We have char-
z are respectively of the order of 10 mV and 10. It leads to?cteérized in the same framework instabilities driven by
Koy/Kop~1. electro-osmotic flow and intrinsic e'Iectrlc charge'(Ijnft. We
An estimate of the critical wave vector is rather rough dugh@ve shown that the order of magnitude of the critical wave

to the lack of precise values of the different parameters. Th¥€CtOr is of the same order for both instabilities, contrary to
bulk resistivity is about HDy2~2 Qm [11]. A first esti- the flux criteria which are opposite. Spherical and cylindrical

mate ofkg, [EQ. (17)] is obtained with use of the typical geometries have to be studied in order to compare more pre-

intensity of ionic currents at the end of the instabilig=0.5  CiSely with experiments on biological cell$2]. Discrimina-
to 0.01 Am2 [3]. Forl,~0.1 Am~2, the valuekgy~10? tion between the two mechanisms could be obtained by the

igcorporation of positively charged lipids into the membrane,

VIl. NUMERICAL EVALUATIONS

m~1! then obtained does not fit the size of observed patterns,; . ;
(10 xm to 2 cm well. In fact, the above bulk resistivity which would decrease it§ potential and reduce the electro-

gives a value oD ~10"5 cm2s~ L, which is certainly over- osm_o_hc flqw. The experimental study of such instabilities on
: grtmual biomembranes would be of great interest. Let us
also note that hydrodynamic contributions that are due to

and not only the one participating to the transcellular flow. In . : ) o
electro-osmosis may also provide unexpected nonlinearities.

reality, the diffusion coefficients of the typical ions con-
cerned are much lower, as measured experimentally
Dcs~10"7 to 108 cm?s™ ! or Dy~10"® cm?s™?! [13].
Forly=~0.01 Am 2andD~10 " cm?s™ 1, kgp~10° m %, We would like to thank J. Prost for helpful discussions at
which gives a more realistic wavelength of the order of 1the Curie Institut and J. Lacapere for references on mem-
mm. Another factor that may interfere with the evaluation ofbrane protein sizes. M.L. would like to thank E. Guyon of
ko2 concerns the estimation &f, which can be very different Ecole Normale Supéeure for encouragement.
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